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A COMPUTER PROGRAM FOR THE GEOMETRICALLY
NONLINEAR STATIC AND DYNAMIC ANALYSIS OF ARBITRARILY
LOADED SHELLS OF REVOLUTION, THEORY AND USERS MANUAL

by Robert E. Ball
SUMMARY

A digital computer program known as SATANS - Static and Transient
Analysis, Nonlinear, Shells, for the geometrically nonlinear static and
dynamic response of arbitrarily loaded shells of revolution is presented.
Instructions for the preparation of the input data cards and other
information necessary for the operation of the program are described in
detail and two sample problems are included. The governing partial
differential equations are based upon Sanders' nonlinear thin shell
theory for the conditions of small strains and moderately small rotations.
The governing equations are reduced to uncoupled sets of four linear,
second order, partial differential equations in the meridional and time
coordinates by expanding the dependent cariables in a Fourier sine or
cosine series in the circumferential coordinate and treating the nonlinear
modal coupling terms as pseudo loads. The derivatives with respect to
the meridional coordinate are approximated by central finite differences,
and the displacement accelerations are approximated by the implicit
Houbolt backward difference scheme with a constant time interval. At
every load step or time step each set of difference equations is repeatedly
solved, using an elimination method, until all solutions have converged.
All geometric and material properties of the shell are axisymmetric, but
may vary along the shell meridian. The applied load may consist of any
combination of pressure load#, temperature distributions and initial
conditions that are symmetric about a datum meridional plane. The shell
material is isotropic, but the elastic modulus may vary through the
thickness. The boundaries of the shell may be closed, free, fixed, or
elastically restrained. The program is coded in the FORTRAN IV language
and is dimensioned to allow a maximum of 10 arbitrary Fourier harmonics:
and a maximum product of the total number of meridional stations and the
total number of Fourier harmonics of 200. The program requires 155,000
bytes of core storage.



INTRODUC TION

The design of many shell structures is influenced by the geometrically
nonlinear response of the shell when subjected to static and/or dynamic
loads. As a consequence, a number of investigations have been devoted
to the study of the buckling phenomenon exhibited by shells. Most of
the early works examine the behavior of the shallow spherical cap, the
truncated cone, and the cylinder under axisymmetric loads. As a con-
sequence of the lack of information on the axisymmetric response of
shells with other meridional geometries and on the response of shells
subjected to asymmetric loads, a computer program for the geometrically
nonlinear static and dynamic response of arbitrarily loaded shells of
revolution has been developed. The dynamic analysis capability is a
recent extension of the program developed by the author for the nﬁn-
linear static analysis of arbitrarily loaded shells of revolution l].
The program can be used to analyze any shell of revolution for which the
following conditions hold:

1) The geometric and material properties of the shell are axi-
symmetric, but may vary along the shell meridian.

2) The applied pressure and temperature distributions and initial
conditions are symmetric about a datum meridional plane.

3) The shell material is isotropic, but the modulus of elasticity
may vary through the thickness. Poisson's ratio is constant.

4) The boundaries of the shell may be closed, free, fixed, or
elastically restrained.

The governing partial differential equations are based upon Sanders'
nonlinear thin shell theorf ﬁor the condition of small strains and
moderately small rotations 2), The inplane and normal inertial forces
are accounted for, but the rotary inertial terms are neglected. The
set of governing nonlinear partial differential equations is reduced
to an infinite number of sets of four second-order differential
equations in the meridional and time coordinates by expanding all
dependent variables in a sine or cosine series in terms of the cir-
cumferential coordinate. The sets are uncoupled by utilizing appro-
priate trigonometric identities and by treating the nonlinear coupling
terms as pseudo loads. The meridional derivatives are replaced by
the conventional central finite difference approximations, and the
displacement accelerations afe approximated by the implicit Houbolt
backward differencing scheme 3]. This leads to sets of algebraic
equations in terms of the dependent variables and the Fourier index.

At each load or time step, an estimate of the solution is obtained

by extrapolation from the solutions at the previous load or time Stefﬁ
The sets of algebraic equations are repeatedly solved using Potters' ]
form of Gaussian elimination, and the pseudo loads are recomputed,
until the solution converges.
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An automatic variable load incrementing routine is included in the
program for the static analysis. When the number of iterations are
small the load is incremented in equal steps. As the nonlinear terms
become large, and the number of iterations exceeds a prescribed maximum,
the incremental load is reduced by a factor of five. Any number of
increment reductions can be made. The load is continually increased
until either the prescribed maximum number of load steps or increment
reductions have been taken. Post-buckling behavior cannot be determined
in the static analysis because of the method of solution employed.

This report contains a description of the theory, the method of
solution, instructions for the preparation of the input data cards,
and other information necessary for the operation of the program. Two
sample problems are included to illustrate the data preparation and
output format. PFor additional information concerning the accuracy and
applicability of the program refer to references [5] and [6].
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SYMBOLS
reference length
inplane stiffness, jEdg/(l-vz)
nondimensional inplane stiffness, B/(tho)
bending stiffness, jtz Edg/(l-\?)
nondimensional bending stiffness, D/(thz)
elastic modulus
reference elastic modulus

= nondimensional Fourier coefficients for the reference
surface strains, equations (32)

nondimensional Fourier coefficient for the transverse
force, equations (32)

nondimensional Fourier coefficient for the effective
transverse force, QS/(coho)

thickness
reference thickness

last meridian station on the shell

= nondimensional Fourier coefficients for the bending
strains, equations (32)

= bending and twisting moments per unit length

= mass density of the shell material

= nondimensional Fourier coefficients for bending and
twisting moments, equations (32)

nondimensional Fourier coefficient for the thermal
bending moment, equation (32)

= membrane forces per unit length
effective shear force, equation (14)

Fourier index



p,ps,pe = nondimensional Fourier coefficients for the components
of the pressure load, equations (32)

QS’QG = 4ransverse forces per unit length

Qs = effective transverse force, equation (15b)

92929 = meridional, circumferential, and normal éomponents of

applied pressure load

Rs’Re = principal radii of curvature

r = normal distance from the axis of the shell

s = meridional shell coordinate

T = time

TO = reference time

t = nondimensional time, T/TO

t . t4,T = nondimensional Fourier coefficients for membrane

s°70° 86 .
forces, equations (32)

£ = nondimensional Fourier coefficient for the effective

s0
shear force, N_./(c h_)
s@ *Too

tT = nondimensional Fourier coefficient for the thermal membrane
force, equations (32)

U,V = displacements tangent to the meridian and to the parallel
circle respectively.

u,v = nondimensional Fourier coefficients for the displacements
tangent to the meridian and to the parallel circle
respectively, equations (32)

W = displacement normal to the reference surface

w = nondimensional Fourier coefficient for the displacement
normal to the reference surface, equations (32)

o = coefficient of thermal expansion

BS,Be,B,Bse = nondimensional coefficients for the nonlinear terms

in the strain-displacement relations, equations
(20a) and (20c)



v = o'/p

A = nondimensional distance between stations, meridian
length/a/(X___-1)

&t = nondimensional time interval

€ ,ee,ese = reference surface strains, equations (5)

&p = thermal membrane force, equation (12c)

C = coordinate normal to the reference surface

ﬂss,ﬂe,ﬂﬁ = nondimensional coefficients for the nonlinear terms in
> s6

Mo s Nag the equilibrium equations, equations (20c)
2} = circumferential angle
N sHashh . . .
s°79°"s® = bending strains, equations (6)
#ep = thermal bending moment, equation (124)
. . 2 2
B = nondimensional mass, & Ibdc/(hoEoTo )
v = Poisson's ratio
E = nondimensional meridional coordinate, s/a
p = nondimensional radius, r/a
o, = reference stress level
w0y = nondimensional curvatures, a/RS, a/Re
§s,§e,§ = reference surface rotations, equations (7)
2sPns®P = nondimensional Fourier coefficients for the rotations
D 2 )
equations (32)
T = local temperature change
L] a
" - >
') = 3 .3
3s ¥ 3E
((n)) = Pourier series coefficient



MATRICES
4,B,B,C

E,F,G,H,J

=

=1

e}

Ql

hxli matrices, equations (25b) and (28b)

Lxh matrices, reference [1]

1xk column matrices, reference [1]

1xl column matrices, equations (25b) and (28b)
1xk boundary condition matrix

bxl matrices, equations (30)

1zl column matrix, equations (29a) and (3la)

1xh column matrix containing the unknown variables
u,v,w, and m

bzl nondimensional boundary condition matrices
Lzl boundary condition matrices

mass matrix




THEORY

Shell Geometry

Consider the general shell of revolution shown in figure 1,
Located within this shell is a reference surface. All material points
of the shell can be located using the orthogonal coordinate system s,
B8, {, where s is the meridional distance along the reference surface
measured from one boundary, 6 is the circumferential angle measured
from a datum meridian plane, and { is the normal distance from the
reference surface. The positive direction of each coordinate is indi-
cated in figure 1. For convenience, let the reference surface be
positioned so that

J gac=o0 (1)

where E is the elastic modulus and the integration is carried out over

h, the thickness of the shell. Thus, when E is independent of [ the
reference surface coincides with the middle surface of the shell. Further,
let the location of the reference surface be described by the dependent
variable r, the normal distance from the axis of the shell. Accordingly,
the principal radii of curvature of the reference surface are

/11 - (e1)P PR
° (2)

R, = - 1- (r')gjé/r"

R

1

where a prime denotes differentiation with respect to s. Further, note
the Codazzi identity

1\" ., -1 -1
<§g) =1 (RS - Ry)/r (3)
and the relation

r" = - r/R_ Ry (1)

Strain-displacement Relations

For a shell of revolution, the strain-displacement relations
derived by Sanders take the form

- U 2 2
e, =U' +W/R, + (g, +87)/2

€g = Vi/r +r" U/r + W/Re + (5; + §2)/2 (5)

€ = (V' + U /r - r'V/r + 8 Qe)/Q

and



reference
surface

Figure 1. Shell Geometry and Coordinates



s s
= B LI
He Qe/r +r' 8 /r > (6)
oo = [_' + 8 fr -r' 8. /r + (R":L - R‘l) 3]/2
s6 6 s 0 6 s © 7
where €52 €go and e g BT the reference surface strains, Hes ne, and

#_. are the bending strains, U and V are displacements in the directions

s6
tangent to the meridian and to the parallel circle respectively, W is
the displacement normal to the reference surface, and & , &., and &

X . 5 o]
are rotations defined by

F = — 1
g =-W +U/Rs

5. = -9’

Gy W /r + V/Rg (7)
8 = (V' +r'V/r -U"/7)/2

In these equations, and henceforth, a superscript dot denotes differentia-

tion with respect to 6. The positive direction of each displacement and
rotation variable is indicated in figure 2.

Equations of Motion

Converting Sanders' equilibrium equations to the equations of
motion for a shell of revolution leads to

-

(x)' + W g = T'N, + rQ_/R_ + (8- Rél) M /2 = r( [mag)3"u/ar”

- rq + (g, N+ g, Nse)/RS + La(n + Ne)]'/z
N, + (zN o )' +r'N__ + rQ. /R, + r[(R‘l - R‘l)M j'/z = r(fmdl;)BZV/aTe
2] s6 s6 e/ 6 e s T80/

- Tqy + r(@el\Te + 8 Nse)/Re -r [@(Ns + Ne)]'/e r(8)

]

(rQS)' +Qy - TN /R - TWg/Ry = ( [mag )37 /37"

?
-rq+(r§SNs+r' )+(§SN + 8, N

2 so so ¥ %o s J
and
(M) + Mg -1 My-rQ =0 (9)
My + (rMse) +r M- rQ,e =0 (10)

10




Figure 2. DPositive Directions for Displacements and Rotations

Figure 3. Positive Directions for Forces, Moments and Loads
11




when the effects of rotary inertia are neglected. In equations (8) -
(10), m is the mass density of the shell material, T is time, 95 9go

and q are the meridional, circumferential, and normal components of the
applied pressure load, QS and Qe are the transverse forces per unit

length, Né, NG’ and NS
Ms, Me, and Mé

5 are the membrane forces per unit length, and

5 are the bending and twisting moments per unit length.

Refer to figure 3 for the positive directions of the pressure components,
forces, and moments,

Constituitive Relations

The constituitive relations used in Sanders' nonlinear theory
are the same as those proposed by Love in his first approximation to
the linear, small strain theory of thin elastic shells. Noting equation
(1), these can be given in the form

N, =3B (eS + vee) - &g (11a)
Ne =3B (ee + ves) - e (11b)
Nog=38 (1 - v) °.q (11c)
M =D (us + vne) = (114)
My =D (ne + vus) - o (11e)
Mo =D (1 - ) e g (118)

where v is Poisson's ratio, assumed constant through the thickness, and

B = f Eadac/ (- v2) (12a)
D = j g2 Edg/ (1 - v2) (12p)
ep = JaerBEag/ (@ -v) (12¢)
My = fearEaC/ (1 -V (12d)

In equations (12c¢) and (12d), T is the local temperature change and o
is the coefficient of thermal expansion.

12



Boundary Conditions

Tn Sanders' nonlinear theory, the conditions to prescribe on the
edge of a shell of revolution are

N orU ﬁ' or V
s s
(13)
Q or W M or ¥
s S s

where ﬁ;e and QS are the effective shear and transverse forces per
unit length defined by

~ -1 -1
N_g Nse + (3 Re - Ry )Mse/2 + (NS + Ne) % /2 (1)

1]

CH Q, * Mée/r - @S N, - @e Nse (15a)

Using the equilibrium equation (9) to eliminate Q  from equation (15a)
leads to
A ' .
Q = [(rMS) + M

g T Me]/r - BN - BN o (15b)

Elastic restraints at the edge of a shell can be provided for by linearly
relating the forces or moment to the appropriate displacements or
rotation. Consequently, the boundary conditions may be given in the
matrix form ‘

NS U W
i v
— 56 _
Q + A = 4 (16)

1A) W

3 M
LS_ |_S_

where Q and A are bxh matrices and £ is a column matrix. The values of
the elements of these matrices are determined by the conditions pre-
scribed at the shell boundary.

13



METHOD OF SOLUTION
Fourier Expansions

The crux of the method used here to solve the nonlinear field
equations is the elimination of the independent variable B by expand-
ing all dependent variables into sine or cosine series in the circum-
ferential direction. Only loading and initial conditions that are
symmetric about a datum meridian plane will be considered. Thus, the
variable @S can be expressed in the form¥

18

3 = P cos nd (17)

where o is a reference stress level, EO is a reference elastic modulus,
. . - . n) . X
and the nondimensional series coefficient q%( ) is a function of the

independent variables s and T. Similar series expansions can be made
for the remaining dependent variables.

Modal Uncoupling

In order to eliminate the independent variable © from the problem,
and convert the partial differential equations to sets of uncoupled
partial differential equations, the nonlinear terms are treated as
known quantities or pseudo loads. Since every nonlinear term is the
product of two Fourier series, each product can be reduced to a single
trigonometric series wherein the coefficient is itself a series. For
example, using equation (17, @g can be expressed as

5 SN : :
8 = (Eg) E; EJ ¢ém) ¢%(n) cos mO cos nd (18)
© m=0 n=0
Since
cos mB cos né = 5 [cos (m-n) 8 + cos (m+n) 6] (19)

equation (18) can be given in the form

¥Theoretically, the complete Fourier series including both the sine and
cosine expansions should be used because of the possibility of "odd"
displacements occurring under "even'" loads, i.e. a bifurcation phenomenon.
This aspect is not considered here.

1k



where

Bén)=

with

(s
5 O©
S =-E—:9- 2 [Bén) cos nb (202)
o
n=0
[=+]
o . . .
o i (i4n i-n
D SRR T L (200)
o .
i=0
O forn =0 1 for i#n
s B =
1l forn >0 2 for i=n

Similar series expressions can be derived for the other nonlinear terms
in equations (5), (8), (14), and (15b). They are

2
8

Qsée

3 N

3 N

67's6

¢ N

¢ N

o
0

E
o

[oo]

Z Be cos nb
n=0
b
Z B cos nb
=0

fo]

Z Bse sin nb6

15
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s, = oh, ) g 5in 19
n=1
[=<]
QSNse = Goho }J “se sin nb ) -
n=1

where ho is a reference thickness.

As a result of the trigonometric series expansions, there is one
set of governing equations for each value of n considered; when only
the linear terms are considered the sets are uncoupled. The presence

of the nonlinear terms couples the sets through terms like Bén) as

given by equation (20b). However, by treating the nonlinear terms as
known quantities and grouping them with the load terms, the sets of
equations become uncoupled.

Final Eguations

Budiansky and Radkowski[7] have shown that for the linear shell
problem each set of Sanders' uncoupled field equations can be reduced
to four second order differential equations provided Me is replaced

by the equality obtained from the constituitive relations (114) and
(11e)

My = VM + D (l-\)2)ne - (1-v)ng (21)

to prevent derivatives of W higher than two from appearing. The
same procedure is used here. The four unknown dependent variables

(), () ()

corresponding to U, V, W, and Mé respectively. Three of the final

(n)

are the nondimensional series coefficients u , and m

four equations are derived from the equations of motion (8) by applying
the rotational equilibrium equations (9) and (10), the constituitive
relations (11) and (21), and the strain-displacement relations (5),
(6), and (7). The fourth equation is derived from the meridional

bending moment-curvature relationship given by (11d) with n, and "y

expressed in terms of the displaceuments.

A convenient representation of these four equations is the non-
dimensional matrix form

g )" g () o) () _ () -2 Z(n)/atZ (22)

where

16



[ (@)

() )
SR €Y

w

(@)

t is the nondimensional time T/To’ T is a reference time, and I is the
mass matrix given by

(1 000]
0100

0010

{10 0 0 0 |
The nondimensional scalar mass u is defined by

2

a.
et Jmc
hET
O O O

where a is a reference length. Henceforth, the superscript n will be
dropped for convenlence.

The E, F, G, and e in equation (22) are matrices defined in
reference [1]. The elements of E, F, and G are identical with those
given in reference [7] for the linear shell analysis, but the e matrix
as defined in reference [1] contains both the load and thermal terms
and the nonlinear terms.

The boundary conditions on z are obtained by applying the consti-
tuitive relations (11) and (21), and the strain-displacement relations
(5), (6), and (7) to equation (16). This leads to the matrix equation

1

Hz + (A+QJ)z=4-QFf (23)

where Q and A are the nondimensional forms of Q and A. Matrices H and J
are identical with those given in reference {7] for the linear shell
problem, and matrix f, as defined in reference [1], contains the thermal
and nonlinear terms. In this formulation, Q, A, and £ are not functions
of n, and hence, the same set of boundary conditions applies for each
value of n considered. An example of the modifications required to
allow different values of £ for each mode is given in reference [5].

17



Spatial Finite Difference Formulation

Tet the shell meridian be divided into K -~ 1 equal increments, and
denote the end of each increment or station by the index i. Thus,
i = 1 corresponds to the initial edge of the shell and i = K corres-
ponds to the final edge. One fictitious station is introduced off each
end of the shell at 1 = 0O and 1 = K + 1,

Tet the first and second derivatives of z at station i be
approximated by

)/2n (2kha)

23 = (Byap - 23

- oo, +z, )N (2k)

N
1l

i = (2349

where A is the nondimensional distance between stations. Substituting
equations (24a) and (24b) into equation (22) leads to

- 2 2
= N
A,z * By oz, +C, oz, 0 o= g+ 2Dy, (3%z/3t )i (25a)
where
A, = 2E,/A + F,
i i i
B. = - 4B, /A +2 1 G,
1 1 1
> (25v)
C. = 2E,/A - F,
i i i
gi=2Aei )
and 1 =1, 2 . . . K to insure equilibrium over the total length of
the shell.

At the boundaries equation (23) must be satisfied. Thus,
substituting equation (24a) into equation (23) leads to

1 1
5x WH iz, + (QlJl + Al)zl - 5x QHyzg = 4 - Qf) (26a)

at the initial edge, and

1 1
ox Utz t QT + Az - 55 QFze g o= b - Qfy (26p)

at the final edge.
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Timewige Differencing Scheme

The inertial terms that appear in equations (25) can be approxi-
mated by Houbolt's backward differencing scheme. Accordingly,

(—2)_ o= (22, , - 5Zi,j-1 + L )/(st)2 @7

2, . - 2, .
< 1.3 i,J i,j-2 i,j~3

where j denotes the time step and &t is the nondimensional time inter-
val. Thus, substitubing equation (27) into equation (25) yields

4 =
By Ziaa,y T Bi% 5 T O i1, T By (28a)
where _
EApi
B; =B - 5
(8t)
- (28b)
mﬁi
g =g, + z, ., Fhoa .~z
gl,J gl,J (Gt)e ( i,j-1 i,j-2 1,3-3)
and i =1, 2, K

Solution by Elimination

Eqautions (26) and (28) constitute a set of simultaneous algebraic

equations in the unknowns z. . provided g. ., Z. . -5 Z, -

1sd 1,d i,3-1 i,j-2, and
Zi,j—3 are known. There is one such set for each value of n considered.
The equations can be arranged in the form shown in figure 4. Since
these equations are tridiagonal in the matrix sense, Potters' form of
Gaussian elimination can be used to solve for the zs i In this

method, recursion relationships of the form 4
%57 F1 815 7 P X,y (29a)
= - +
Z3,3 Pi Zin,5 T FaLg (29b)

are developed. A forward pass from the initial edge to the final edge

computes the X5 32 and a back substitution determines the Zs i The
> >
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matrices Pi’ §£, and ﬁi are independent of the load and solution.

Hence, they are computed only once. They are

1 .- -1
P1=[Qléizicl By +J} Al] [Q (T +cy Al)]
_ -1
Py = (3; - Pl—lj
> (30)
P, =P, A
1 1 1
B, =73, ¢
1 1 1
o

The initial value of x is

[Q iA By +J1} Ali‘ {z +01L2A 1 g —fl]} (31a)

and the value of z at station K + 1 is

Zgel T [QK % (T - Pey B - (O T + AP ]

Hy
{zK * O an (CPeog ¥t X)) - (O

) e - fK} (31b)
Poles

The eguations (26a) and (26b) are applicable when the shell has
edges. If the shell has a pole, r=0, and special "boundary" condi-
tions are required to assure finite stresses and strains at the pole.
These conditions are derived in reference [l].

SOLUTION PROCEDURE
As a consequence of the selection of the Houbolt timewise

differencing scheme, both static and dynamic analyses can be carried
out using essentially the same set of equations and solution procedure.
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Static Analysis

For a static analysis, u=0, and the applied load is increased
monotonically. Thus, the index j denotes the load step.

The procedure used to determine z for the monotonically increasing
load is illustrated in figure 5 and described below:

1) The matrices P, ?ﬁ, and ﬁi are computed.

2) A solution is obtained for a specified increment (DEL@AD)
of each Fourier coefficient of the design load. All pseudo loads
are taken as zero.

3) The new solubtion is used to calculate the nonlinear terms,
and a new value of the load vector g is obtained for each n. Additional
values of n may be introduced by the nonlinear terms.

4) A solution is obtained for the new value of E for each n and
is compared with the previous solution.

5) If the difference between two consecutive solutions, at any
station and for any n, is greater than a specified percentage (EPS)
of the maximum solution in that mode then step #3 is repeated. How-
ever, if the number of iterations has exceeded a specified maximum
(ITRMAX), the total load (AL@AD) is reduced by one load increment,
the increment (DEL@PAD) is reduced by a factor of 5, and this new
increment is added to the load. If a specified number of load
reductions (ICHMAX) have been made, the program ends.

6) If the two comsecutive solutions have converged, another load
increment is added, provided the number of load steps is less than a
specified maximum (ISMAX). An estimate of the solution for this new
load is made by linear extrapolation using the two preceeding converged
solutions, and step #3 is repeated.

Since the method of solution is based on a nonlinear pseudo
load approach, the shell reacts equally, in a linear fashion, to any
change in either the applied load or the pseudo load. Thus, failure
of the solution to converge in any mode can be attributed to two
types of nonlinear behavior. Both types are illustrated in figure 5.
The existance of a maximum or an inflection point on the softening
load~deflection curve A represents a type of behavior for which a
solution can be obtained only below the points of zero or nearly zero
slope. On the other hand, the existence of a stiffening nonlinearity,
as illustrated by curve B of figure 5, can also cause a convergence
failure when ever the slope becomes too steep. Thus, in general, it
is necessary to examine the load-displacement behavior of the shell
in order to determine the cause of the convergence failure.
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Dynamic Analysis

The dynamic analysis proceeds in essentially the same manner as
the static analysis. The only differences are due to the fact that;
(1) the applied load is not monotonically increased, but instead is a
function of the time step j; and (2) initial conditions on z and
Bz/at are required to start the procedure. A brief description of the
procedure used to obtain the response of the shell for a specified
period of time and time increment (DEL@AD) is given below:

1) The matrices P;s fi, and ﬁi are computed.

2) The solutions at j = 0, -1 and -2 are computed for each n
from the specified initial conditions using the expressions

z, = initial condition on z supplied by user

i,0

(az/at)i o = initial condition on dz/dt supplied by user
b

I

4 z

i,-1 = %y,0 7 86 (32/3t); 4

Z z,

1,0 ° 28t (az/at)i,o

i,-2
for i = 0,1,...K+l. An estimate of the solution at J=1 is obtained
for each n from

z + &t (az/at)i o
3

21,1 T 21,0

for i =0, 1, 2, . . . K+1,

3) This new solution is used to calculate the nonlinear terms,
and a new value of § is obtained for each n using the estimated non-
linear terms and applied loads at j and the solution at j-1, j-2, and
J-3.

4) A solution is obtained for the new value of g for each n and
is compared with the previous solution at j.

5) If the difference between two consecutive solutions, at any
station and for any n, is greater than a specified percentage (EFS) of
the maximum solution in that mode then step #3 is repeated. However,
if the number of iterations has exceeded a specified maximum (ITRAMAX)
the program ends.

6) If the two consecutive solutions are sufficiently close, an
estimate of the solution at j+1 is obtained by quadratic extrapolation
from the solution at j, j-1, and j-2. The preceeding solutions are up-
dated, and step #3 is repeated for the new time step j=j+l, provided
the number of time steps is less than a specified maximum (ISMAX).
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Two comments are in order here. First, the approximations used
to obtain the solutions at j = -1 and -2 are not the ones suggested by
Houbolt. Houbolt's approximations require a change in the B matrix
at the first time step. This is time consuming since it necessitates

the recomputation of the Pi’ Pi’ and Pi matrices, and does not appear

to be worth the extra effort., Second, the time interval is usually
so small no iteration is required since the difference between the
estimated solution and computed solution is generally negligible.
However, when the shell becomes dynamically unstable, the solution
may not converge, even with iteration. Thus, the maximum number of
iterations allowed should be small.

COMPUTER PROGRAM
Brief Description

The program described in this report - SATANS - Static and Transient
Analysis, Nonlinear, Shells,- is a modified version of the program
described in reference (1). The revisions were made by personnel at the
NASA Langley Research Center and by the original author. The main
difference between the two versions is the addition of the capability
for dynamic analysis. Another difference is in the manner in which core
storage is allocated for the solution vector z. The solution vector 1s
now handled as a two dimensional array instead of a three dimensional
array, allowing the user the freedom of prescribing almost any combination
of meridional and circumferential unknowns within the dimensions of the
array. In the modified program up to 200 unknowns may be specified so
that the product of the total number of meridional stations and the total
number of Fourier harmonics must be less than 201. However, the maximum
number of Fourier harmonics that can be considered is still 10. Any
combination of harmonics may be used. For example, n =5, 0, 22, and 91
is allowed; there is no restriction on the order nor on the number.

A change was also made in the test for convergence. The original
program required two consecutive solutions to differ by less than a
specified percentage of the latest solution. This test was made at
every station, for every mode, except when the solution was less than

)
10 . Experience with this routine showed it to be too restrictive.
Consequently, it was replaced with the requirement that for each
harmonic the difference between two consecutive solutions at each
station must be less than a specified percentage of the maximum solution
in that harmonic, considering all the stations, except when the solution

-5

is less than 10 . This new test for convergence appears to provide
converged, accurate solutions in fewer iterations than the original
scheme.

The output subroutine was also modified in order to present the
data in more compact form; the COMMON and DIMENSION statements were
changed to allow the compilation of the program in any order; and
several bugs were detected and eliminated. The operational parameters
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of the program and the boundary conditions are still read in on cards,
but the geometry and mass of the shell, the inplane and bending
stiffnesses, the pressure and thermal loads, and the initial
conditions are introduced through user-prepared subroutines. The
input and output data may be in either dimensional form or non-
dimensional form, and no special tapes, discs, or routines are
required for execution., However, a tape is required if the dynamic
analysis is to be restarted. All of these changes have enlarged

the program to the extent that it now requires a core space of
approximately 150,000 bytes on an IBM 360/67 digital computer and

can no longer be executed on a 32,000 word computer. The compilation
time using the FORTRAN IV Compiler, Level H, is slightly less

than 2 minutes on the NPS IBM 360/67. The static version of this
program has been available from COSMIC gg M70-10098, LAR-10736.

The computer program has been used to solve a number of static
and dynamic problems for both axisymmetric and asymmetric loads [5,6].
Two of these problems are presented here to illustrate the input and
output features of the program.

Nondimensionalization
The input and output data may be in either dimensional or non-
dimensional form. The dimensional parameters are Eo’ a reference
elastic modulus, 0,5 & reference stress, a, a reference length, and
ho’ a reference thickness. The variables are made nondimensional as

follows:

o =t/ )~ w ®on )
E =s/a fén) = Qs(n)/(coho)
Yy = %g /r/a min) = Mg(n)(a/cOhOB)
(n) (n)

- a/R u'’ = UNV(R [ac )
Cs a/ s ( o/ % (32)
Yo = a/Re ¢én) - és(n)(Eo/co)
b = B/(tho) eén) = €s<n)(Eo/co)
da = D/(tho3) kén) — Ms (n)(an/o_o)
b= Imdg(ag/hOEoTog) pgn) = qs(n)(a/coho)

tén) - €T(n)/(obho) mén) - nT(n)(a/coho3) J
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Similar expressions hold for tén), mén), ete.

Example of a Static Analysis

The first problem is the static analysis of a clamped, shallow
spherical cap of constant thickness and uniformly loaded over one-

half of the shell from 6 = —90O to 8 = 900. This problem was first
considered by Famili and Archer [8]. The geometry of the spherical
cap can be specified by the single nondimensional parameter ), where

A = 203(1-vB) ¥ (/m)2

H is the rise of the shell and h is its thickness. The classical
buckling pressure of a complete sphere is denoted by 4> where

1
a = 282 /R 2/13(1-2) 7

For this analysis,
A =6
v = .3
meridian length = 105 in.
R =R, = 1000 in.
s 8
E =27.3 x 10° 1b/1n?
h =1 in.
6 .
B = 30.0 x 10" 1b/in.

D =2.5x 106 1b - in.

g = -30 Ib/in.? /2 < 6 < /e

q, = -33.1 lb/in.2

The reference parameters for nondimensionalization are taken as

30 x 106 1b/in.2

it

E
o

1000 1b/in.2

it

(o)
o
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Il

a 1000 in.

1 in.

1.

h

o

Seven stations over the length of the meridian and four modes are
used for the solution. For the purpose of illustration, only the
first three Fourier harmonics of the applied load are used. Thus,

q(o) -15.0 1b/in.2

| q(l) = -19.1 1b/in.2
q(3)

2
6.37 1b/in.
The boundary conditions are

U:V—_—W:@:O
s
This problem took , 33 minutes of execution time on the NPS IBM 360/67
Computer using the FORTRAN IV, Level H, Compiler with OPT=2.

Example of a Dynamic Analysis

The second example is the dynamic analysis of a clamped truncated
cone subjected to an impulsive loading which is uniform along the
meridian and varies in a cosine distribution over one-half of the
circumference. This problem is Sample Problem No. 3 in the series of
gsample problems suggested by the Lockheed Missiles and Space Co.. The
initial conditions are

W = O. 0 =0 =<2n
dw/dT = -4L440.8 cos 8 (in./sec) -n/2 <8 s n/?2
aw/dT = 0. n/2 < 8 < 3m/2

The physical parameters are
v = ,286

meridian length = 15.004 in.

roin = 7.9499 in.
r = 10,2300 in.
max

RS =

Re = r/cos w
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® = sin”1[(10.2300 - 7.9499)/15.00k4]
E = 3.52 x 106 1b/in.2

h = .543 in.

B = 2.0816 x 106 1b/in,

D =5.114 x 10% 1b - in.

The time step is

AT = 2 x lO_6 sec

The reference parameters for nondimensionalization are taken as

6 2

E_ = 3.52 x 10 1b/in.
o_ = 1000 1b/in.2

a = 15.004 in,

h, = .543 in,

T, = 10.965 x 10'5 sec

Thirty-one stations over the length of the meridian and four modes
are used for the solution. The first four Fourier harmonics of the
initial conditions are

dW(O)/dT = -L44%0.8/m in./sec

dw(l)/dT = -4440.8/2 in./sec
-2 x Lu4kL0.8/(3m) in./sec

2 x 44h0.8/(15m) 1in./sec

dw(g)/dT

dw(u)/dT

)

The boundary conditions are

This problem toock approximately 8 minutes of execution time for

750 time steps on the NPS IBM 360/67 computer using the FORTRAN
IV, Level H, Compiler with OPT=2.
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Input Data Cards

Static Dynamic
Card Columns Format Item Example  Example
1 272 18aL TITLE
2 1-5 15 Ng 10 108
2 6-10 15 SORD 0 1
2 11-15 I5 IMJDE 1 0
2 16~20 15 NDIMEN 0 0
2 21-25 5 NTHMAX 1 2
2 26-30 15 IFREQ 1 13
2 31-35 i5 IPRINT 1 2
2 36-40 15 IBCINL -1 0]
2 L43-Ls i5 IBCFNL 0 0
2 L6-50 I5 KMAX 7 31

30

Interpretation
Problem description.

The problem number.

Set to:
1. = O for gtatic analysis;
2. = 1 for dynamic analysis.

Set to:

1. > 0 if modal data are desired
for each harmonic;

2,< 0 if modal data are not

desired.
Set to:
1. = O if dimensional form of out-

put data is desired;
2. 21 if nondimensional form of
output data is desired.

The summed solution will be
printed at NTHMAX meridians,
0 < NTHMAX < 6.

The solution will be printed at
meridional stations 1, IFREQ + 1,
2 *TFREQ + 1,...., and the final
station.

Every IPRINTth converged solution
will be printed.

Set to:

1 < 0 if the shell has a pole at
the first station;

2. 2 0 if the shell does not have
a pole at the first station.

Set to:

1. < 0 if the shell has a pole at
the final station;

2. 2 0 if the shell does not have
a pole at the final station.

The number of meridional stations.
The product of KMAX and MAXM (the
number of Fourier terms in the
solution) must be less than 201.



13-24 E12.3

750

20

.286

1000.

31

Number of Fourier terms used +o
describe the initial conditions,
the pressure loads, and the
thermal loads, MNMAX < MAXM.

Nunber of Fourier terms in the .
solution, MAXM < 10 and (KMAX)*
(M) < 201.

Static analysis

Maximum number of load intensities
to be considered. For a nonlinear
analysis this number should be
large. PFor a linear analysis set
ISMAX = 1.

Dynamic analysis
Maximum number of time increments
to be considered, LSMAX=T __/AT.

Static analysis
Maximum number of load increment
reductions. Recommend value, 2-L.

Dynamic analysis
ICHMAX = O

Maximum number of iterations at
any load intensity or time step.
Recommended value, 10-30. For a
linear analysis set ITRMAX = 1.

Static analysis
IcC =0

Dynamic analysis

Set to:

1. €0 if shell at rest at t = O,
or if restarting solution at
t>0, i.e. ITAFE = 2 or 3;

2. > 0 for non-zero initial conditions
at t=0.

Poisson's ratio, v.

Reference stress level, o . When
the data is to be input in dimen-
sional form set SIGP = 1..



4

25-36

37-48

L9-60

6172

13-24

1-5

E12.3 ELAST .3E8 .352E7  Reference modulus of elasticity,
Eo' When the data is to be

input in dimensional form set
ELAST = 1..

El2.3 TKN 1. .543 Reference thickness, ho. When the
data is to be input in dimensional

form set TKN = 1..

E12.3 CHAR 1000. 15.00k4 Characteristic shell dimension, a.
When the data is to be input in
dimensional form set CHAR = 1.,

E12.3 TEEJ 0. Static analysis
TEEG = O.

Dynamic analysis
10.965E-5 Reference time T

E12.3 DELOAD .2 Static analysis
The load increment. DELOAD remains
unchanged until the solution fails
to converge in ITRMAX iterations.
Then it is automatically reduced
by a factor of 5. A maximum of
ICHMAX reductions will occur
provided the number of load
intensities considered is less
than ILSMAX.

1.82396E~2 Dynamic analysis
The nondimensional time increment

&t.

El2.3 EPS .01 .01 The convergence criterion.
Recommended value, .Ol.

I5 ITAPE 0 Static analysis
ITATE = O

Dynamic analysis

The parameter for obtaining the

data to restart the solution at

t > 0:

1. no read or write on tape, ITAFE
:O;

2. write Z, Zf, Z2, and Z3 after
final time step, ITAPE = 1;

3. read Z,2$,%2, and Z3 before
initial time step, ITAFE = 2;

k. read Z,2$,72, and Z3 before
initial time step, and write
7,720,722, and 73 after final
time step, ITAPE = 3.
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1-72 6E12.3

A list of NTHMAX circumfer-
ential coordinates ©, in
3.14159 radians, where print-ocut
of the solution is desired.
This card is omitted if
NTHMAX = O,

For a static analysis, the execution for each case terminates and the
program transfers to the first read statement when either the number
of load intensities considered equals LSMAX or the number of iterations
equals ITRMAX and the number of previous DEL@AD reductions equals

LCHMAX.

For a dynamic analysis, the execution terminates when either
ISMAX time increments have been taken or when the solution does not

converge after ITRMAX iterations.

Restart option. When Z, Z¢, Z2 and Z3 have been put on tape unit
#8 after the final time step (ITAPE = 1), the response computation can
be restarted by mounting the recorded tape on unit #8, specifying
ITAPE = 2 or 3, and inputting the identical data except for IC which

must be zero.

360/67:

The following two cards are required for the NPS IBM

//G$ .FTOBFOOL DD DSN=N@NLIN,UNIT=2L00,V@L~SER=NPS10L,

// DCB=CRECFM=VS ,LRECL=320k ,BLKSIZE=3208 ,DISP=(NEW,KEEP),LABEL=(,SL)

The boundary conditions are read in on cards. If the shell does
not have a pole at the first station, IBCINL 2 O, and cards 7.15
describe the boundary conditions at the first station. However, if
the shell does have a pole at the first station, IBCINL < 0, and

cards 7-15 are omitted. Cards 7-15 have the format 4E16.8 and correspond

to the boundary conditions as follows:

Card 7,16 Card 8,17 Card 9,18
ﬁ(l,l) 5(152) 6(1,3)
8(2,1) a(2,2) a(2,3)
a(3,1) Q(3,2) Q(3,3)
G(k,1) a(k,2) aQ(k,3)

33

Card 10,19

a(1,h) N,

a(2,k) ﬁse +
aes,k) &

Q(l,h) 3



A4,1) AL,2) A(%,3) JXCRD;

Card 11,20 Card 12,21 Card 13,22 Card 14,23 Card 15,24

A(1,1) (1,2) (1,3) A,ks) U £(1)
M2,1) M2,2) M2,3) A(2,k) v 2(2)
A(3,1) A(3,2) 1(3,3) AM3,1) wl T |a3)

M £()

s

If the shell does not have a pole at the final station, IBCFNL = O,
and cards 16-24 describe the boundary conditions at the final station.
The format and correspondence are the same as for the boundary
conditions at the first station given above. However, if the shell
does have a pole at the final station, IBCFNL < O, and cards 16-2L
are omitted. Note that the boundary conditions are on the total
variables and not on the individual modes. Thus, it is not possible
to have different boundary conditions for each mode without modifying
the program. An example of the modifications required to change £
is given in reference 5. Furthermore, note that the boundary conditions
are input in dimensional form.

User-Prepared Subroutines

The geometry of the shell, the inplane and bending stiffnesses
of the shell, the applied pressure and thermal loads, and the initial
conditions are introduced to the program through the use of the five
subroutines GEgM, BDB (X, B, DB, D, DD), PLPAD(K), TL@PAD(K) and INITL.
This section describes each of these subroutines.

1. GE¢gM

The nondimensional quantities A, p, ¥, wgs Wy dws/dg, and p are

defined in GE@M as a function of the meridional station number K.
The correspondence between the nondimensional variables and the
FPRTRAN variables is as follows:

DEL = A = (meridian length)/[a(XMAX - 1)]

R(K) = (p)g = (r/a)g
can(x) = () = QL35 - (i)

H(K) = (wg)y = (a/Rg)y

PKI(K) = (ug)y = (a/Ry)

dw
DEGMX(K) = (Eéi)x - [&2 d(igRs)]K

2
MAsS(K) = (w)y = ;ﬁ“g (fde)K
O O O
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The statements for the static example are

DEL=(105./6.)/1000.
D¢ L X=2,KMAX
RK = K
THET = (RK-1.)*DEL
R(K) = SIN(THET)
GAM(K) = Cffs (THET)/R(X)
gMT (K)=1.
@MKI(K)=1.

4 DEGMK(K) = O.
R(1) = o.
GAM(1) = O,
gMT(1)=1.
gMXT(1)=1.
DEgMX (1) = O.

Il

The statements for the dynamic example are

AKX=KMAX-1
DEL=1. /AKX
THET=ARSIN(2.2801/CHAR)
DY 11 K=1,KMAX
AK=K
R(K)=(7.9499+(AK-1.)*(2.2801) /AKX ) /CHAR
GAM(K)=(2.2801/CHAR) /R(K)
AMXTI(K)=0.
DESMX (K)=0.
pur (K)=C@s (THET) /R(K)
MASS(K)=1.

11 CENTINUE

2, BDB (X, B, DB, D, DD)

The nondimensional stiffness quantities b, db/d€, d, and dd/dE
are defined in BDB for each meridional station. The correspondence
between the stiffness quantities at the Kth station and the FPRTRAN

variables is as follows:
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B = (b)y = (B)y/(Eh)
db dB
DB = (EE K = (EE)K(Ej%;)
D = (@) = (D)/(EpD)
D = (%%)K = (%EJK(—E—g)
OhO
where
B = jEdg/(l-vz)
D = [¢PEac/(1-+°)

The statements for the static example are

B=27.3E+06/(30.E+06%1.%(1.-.09))
D=B/12.

DB=0.

DD=0.

The statements for the dynamic example are

B=1.089082
D=,09075683
DB=0.

DD=0.

3. PLPAD(X)

The nondimensional Fourier coefficients of the meridionaL( )
circumferential and normal components of the pressure load, P n s

pe(n), and p(n) respectively, are defined in PL@PAD for each meridional

station as a function of the Fourier index. In addition, the array
of Fourier integer numbers n is defined here, The relationship
between these quantities at the Kth station and FPRTRAN variables is
as follows:

it

NN(M) = n
(pén))K = (qs(n))K (a/coho)

pr(u) = (p{)) = (a3 ™)y (a/on)

PX(M)

8
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r(w) = (6™ = (@) (afop,)

Note that these are stored as functions of M only.
The statements for the static example are

NN (1)=0
NN(2)=1
NN(3)=3
PR(1)=-15.
PR(2)=-19.1
PR(3)=6.37

No statements are required for the dynamic example. The array
of mode numbers is included in the subroutine INITL.

L. TIPAD(K)

The nondimensional Fourier coefficients of the thermal loads

(n) (n) 4 (n) 4 (n) . .
b s My aE (tT ) and it (mT ) are defined in TLBAD(K)
for each meridional station as a function of the Fourier index. The
PPRTRAN variasbles are defined as follows:

(6, )y = (g™ /(0 n)

i

TT(M)

(n)
pr(n) = (& (5,0 = EZ ) (/o k)

Ber(e) = (m, ™), = (™) (a/0_n )
( dmén) 2
(o) = (ZlnyP)) = () (/e p D)

Note that these are stored as functions of M only. If only thermal
loads are applied the array of Fourier interger numbers can be
introduced in TLPAD(K) instead of PLEPAD(K).

5. INITL
This subroutine introduces the initial conditions of the non-
dimensional solution vector z for all the stations, including the

ficticious stations off the ends of the shell, and all the modes.
The FPRTRAN variables are defined as follows:
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U(n)(Eo/aco)-_
V(n)(Eo/aco)
W(n)(Eo/acb)

_Mén)(a/coho3{_

K

]
i

= 112:3:h
F-U(n)(Eo/aoo) [ L=1,2, ...

(n) (KMAX+2)*(MNMAX)
a V(B /ac,)

W(n)(Eo/aoo)

(n) 3
| Msn (a/obho }J .

ZD¢T(I>L) = (

W

The index L runs from 1 to KMAX+2 for NN(1), and from 1+KMAX+2 to
XN KMAX+2) for NN(2), etc. The first element for each value of n
corresponds to the initial ficticious station, the next element
corresponds to the first station on the shell, ete.

The statements for the dynamic example are

NN(1)=0
NN(2)=1
NN (3)=2
NN (L )=k
PI=3.14159
Dg 2 M=1,MAXM
IF(M.EQ.1) VEL=-Lll. 08/PI
IF(M.EQ.2) VEL=-4lk, 08/2.
IF(M.EQ.3) VEL=-4ll.08%2./(3.%PI)
IF(M.EQ.4) VEL=U4L.08%2./(15.%PI)
DY 2 K=2,KL
T=K+1+(M-1)*KMAX2

2 ZDPT(3,I)=VEL*ELAST*TEES/ (CHAR¥SIGE)*10.

in which KL = KMAX-1 and KMAX2 = KMAX+2.

38



Output Format

_ _ The output from the program consists of the boundary conditions
2, A, and £ at each end of the shell; the input parameters, such as
the number of stations, the number of modes, ete.; and the cir-
cunfeerential coordinates where a summed solution is desired.
remainder of the output can appear in either dimensional or non-
dimensional form. The correspondence between the printed F¢RTRAN
variables and the dimensional and nondimensional dependent variables
is given below. For the shell geometry, the following are printed

at each station:

RADIUS - T or o
GAMMA . dr/ds . 4p/ek
r P

@MEGA S - 1/R, or W,
¢MEGA THETA - 1/Re or wy

a dws
DE¢MEGA. S - 35 (A/R)) or 3
MASS - jmdg or u

For the inplane and bending stiffnesses, the following are printed

at each station:

B STIFFNESS - B or b
D STIFFNESS - D or d
dB db
B PRIME - ag or Eg-
an dd
D PRIME - as or aE

For the pressure and thermal loads, the following are printed
at each station for each value of n for the static analysis:

N -  Fourier index n
= I ) R ¢
P _ qén) or Ps(n)
PT ) q((an) or pe(n)
T - eén) or tT(n)
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(n)

MT - nén) or m

T
deén) dtén)
DIT - —3§s or  TEgE
) (n)
dﬂén men

DMT or _d':I,—

ds

The following initial conditions are printed at each station f9r
each value of n for non zero initial conditions in a dynamic analysis:

ey (n)

U - or u

v oo v o ()

¢ RN .Y

MS - Mén) or mgn)

U DpT - dU(n)/dT or du(n)/dt
vV DOT - ar'®/ar  or avl™/at
W DT - ai™/ar  or dw(n)/dt
M S DT - dMgn)/dT or dmgn)/dt

Note that station 1 refers to the station on the initial boundary and
not the ficticious station.

Every IPRINTth solution is printed with the corresponding load
factor and the number of iterations. The definitions of the
printed quantities preceeding the solution are:

L¢AD STEP NUMBER the number of load intensities considered.

TIME STEP NUMBER =~ +the number of time steps taken.

14AD FACTYR - the proportion of the loads given in PL@AD,
TLPAD and £ currently on the shell.

TIME ~ both nondimensional and dimensional time are
given.

ITERATIGNS - the number of iterations required for convergence.

The correspondence between the printed terms and the dimensional

and nondimensional forces, moments, displacements and rotations is
as follows:

NS - Ns or t

N THETA - l\Te or 6

N STHETA - N or t
s8 s6
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QS - QS or fs
MS - M or m
S <]
M THETA - Me or me
M STHETA - Mse or mse
U - U or u
v - Vv or Vv
W - W or w
PHI S - Qs or o
PHI THETA - ée or @e
PHI - & or

Sample Solutions

The printed input data and solution for the static analysis
example is given in figure 6 for the load factor .74li, The load-
displacement plot is given in figure 7 for the displacement at the
pole (station 1) and station 3 for 6 = 0°. The printed input data
and solution for the dynamic analysis example is given in figure 8
for T = 500 psec. The time history of the normal displacement at
g = 6.5 in. and 6 =0° is given in figure 9.
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THE BOUNDARY CONDITIONS ARE:

==PRORLEM NUMBER 10-~--

SAMPLE PRUBLEM 10 - UNSYMMETRICALLY LOADED SPHERICAL CAP,

~--INPUT DATA RECORD--

THE SHELL HAS AN INITIAL POLE

AT THE FINAL EOGE

—————m e OMEGA BAR=—-==—m===——=ome e LAMBDA BAR=—==——mmmm—mamm
Gat, 740 1.0 G 1 NS ( Gel00E ul 0.0 0.0 040
9. ¢ 00 u.0 0.6 ) NST 4+ ( £L0 0.100€ Ol 0.0 0.0
[ e 0.0 0.0 ) Q3 ( G.0 0.0 0.100F 01 0.0
Gebr 3.6 0.0 U.100E 01) PHI § ( 8.9 0.0 0.0 0.0

NUMBER OF STAT[UNS=—==m=—=m=——mmemmmmem 7
NUMBER OF MODE§= == —mmmmmmm e e e
INCREMENTAL LOAD FACTOR——==m—~m=——m e 042C0
MAXIMUM NUMBER OF LDAD STEPS————=————-= 99
MAXTMUM NUMARER OF ITERATIONS=—=—=~=m—-—x 59
MAXIMUM NUMARER OF LOAD FACTOR CHANGES--- 2
CONVERGENCE CRITER [ON=—===mmm=smm - DeulG
CHARACTERISTIC SHELL DIMENSIGN--— J.10(2E N4
REFFRENCE THICKNESS=~==m~mmemmm e celGICE 0l
REFERENCE ELAST]CITYmmmmmmem e 5.3JGUE 28
REFERENCE STRE§S=—mmmmmmmmmmmmm e ALIGIGE 04
POTSSON'S RATI[Nmm—m——mmm e mm e e mm 0308 3E OC

CIRCUMFERENT AL COORDINATES FOR PRINT RECORD, IN RADIANS, ARE:

Nals

?

Figure 6.

THE DATA 1S IN DIMENSIONAL FOURM

Input Data and Sclution for the Static Analysis Example

o

TEST CASEe.

TXC
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THE SOLUTION CONVERGED IN 10 1TERATIONS
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a/q,

0.8

0.6

0.4

0.2

station 3 (8 = 0°)

-0.2 -0.4 -0.6 : -0.8 -1.0

Figure 7. Load-Displacement Curves for
Static Analysis Example Problem
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--PROBLEM NUMBER 108--

IMPULSIVELY LOADED CONE

LMSC TEST CASE,

~=INPUT DATA RECORD--

AT THE INITIAL EDGE
—mm—me—m—em e~ QMEGA BAR—=—=m—m—mme e e

THE BOUNDARY CONDITIGONS ARE

Bt L——_-_

—mm—mmeme—eeeoo| AMBDA BAR=—=—-——=——emeem

AT THE FINAL EDGE
——me——m——m—-—=<0OMEGA BAR=—m==mmm = e o

—__EL_____

mm—m—mmeem—— e[ AMBDA BAR====——mm——m e

ELL DIMENS[ON---
§§mmmmmm St

S e

F TIME STEPS
(35 ) £ e ——

F ITERATIONS
ERION=-—————=~

H
E

S
N
1

ARE?®

IN RADIANS,

CIRCUMFERENTIAL COCROINATES FOR PRINT RECORD,

1

0.314159€E 01

THE DATA IS IN DIMENSIONAL FORM

Input Data and Solution for the Dynamic Analysis Example

Figure 8.
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Subroutine Descriptions
MAIN

This program controls the logical connections between the subroutines.
The case description, control parameters, physical constants, and
boundary conditions are both read and printed out in this routine. The
boundary conditlons are nondimensionalized and meny of the common
indices and coefficients are determined here. The iteration procedure,
the load incrementing procedure, and the calculation for the estimate
of the next solution are all carried out here. The data for re-
starting the computation is written on tape and read from tape here.

Subroutine GEgM
This subroutine computes the nondimensional geometry functions
of the shell.

Subroutine BDB (X,B,DB,D,DD)

This subroutine computes the nondimensional inplane and bending
stiffnesses of the shell.

Subroutine PLPAD(K)

This subroutine computes the nondimensional Fourier coefficients
of the loads applied to the shell.

Subroutine TL@AD(X)

This subroutine computes the nondimensional thermal loads.

Subroutine INITIL

This subroutine computes the initial conditions on z and dz/dt.

Subroutine PMATRX

This subroutine calls subroutines HJ(X,MN), EFG(K,MN), ABC, and
PANDD(K,MN) to set up the P, (P), P, (DEE), and P, (DST), matrices
given by equations (30). Matrices DL, DG, and DF are set up for the

calculation of xq given by equation (3la), where

Xy = DL,Gl + DG-gl + DFfl
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The special P matrix for a shell with an initial pole, given in Ref.
(17, is also computed here. Matrices ZF1M, ZF2M, ZF3M, and ZFuM
are set up for the calculation of ZK+1 given by equation (31b)
where

Ty = ZFleK + ZF2MXK + ZFSMXK_l + ZFthK

If the shell has a final pole, the matrices CLO, CL1 and CI2 are
prepared for the calculation of ZK given by equation (D-3) in Ref,
[1], where

ZK = CLOXK_1 or CLlXK_l or CLQXK-l

depending upon whether n = 0 , 1 or 2.

Subroutine HJI(K,MN)

This subroutine computes the elements of the H and JAY matrices
for both boundaries of the shell. The elements of H and JAY are
defined in Ref. [1].

Subroutine EFG(K,MN)

This subroutine prepares the elements of the E, F, and G matrices
for each meridian station K and for each Fourier mode MN. The
matrices E, F, and G are given in Ref. [11.

Subroutine ABC

This subroutine computes the elements of the A, BEE, and C matrices
defined by equation (25).

Subroutine PANDD(K,MN)

This subroutine computes the elements of the P, (P), P, (DEE),
and $,(DST), matrices for each meridian station K and Fourier mode
MN. These matrices are computed and saved because they do not change
during either the iteration procedure or the load increment procedure,
i,e., they are a function of the shell's initial geometry and stiff-
ness.
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" Subroutine XANDZ

This subroutine computes the x vector using the P, 5} and f
matrices and solves for the z vector for the applied and pseudo
loads. The subourtines PHIBET(X) and TEAETA(X) are called and
the previous solution for z, or the estimated value of z, is used
to calculate the nonlinear Beta and Eta terms. The matrices FFS
and FLS are the values of f at the initial and final edges of the
shell. The subroutine FPRCE(K) is called to calculate the load
vector g, (GEE), and the x vector at each meridian station. Once
the x vector 1s obtained for all meridian stations the solution

for Zeel given by equation (31b) is obtained, and the solution

for z, at all the other meridian stations defined by equation (29b)

is obtained. The solution z at the imaginary station off the
initial edge of the shell is obtained last. The test for
convergence of the solution is made as z is computed. The special
conditions for computing z at either an initial or a final pole are
also in this routine.

Subroutine INLPFL

This subroutine computes, for a shell with an initial pole,
the nonlinear terms BS, Be, Bse, ﬂss, and nGs at the pole. The

appropriate equations are given in Ref. [1].

Subroutine FNLPFL

This subroutine computes, for a shell with a final pole, the
nonlinear terms BS, Be, Bse’ nss’ and ﬂes at the pole. The

appropriate equations are given in Ref. [1].

Subroutine MZJDES

In MPDES, arrays that define those sets of indices that combine
to equal each value of n in the problem are determined. MPDES is
called priocr to the first iteration and after every iteration until
a specified number of Fourier terms 1s reached. Each Fourier index
in the problem is subtracted from all other Fourier indices and the
result is compared with all Fourier indices to see if the new value
exists in the program. (The same comparison is never made twice)
If it does, the locations of the two indices that made the combination
are stored in two special two-dimensional arrays, ID and JD. One
argument of each array is the value of the new index and the other
is the number of combinations of indices that also give this value
of the index. If there is no index in the program that matches the
new one, then a new Fourier term has been generated and will be
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considered in the next iteration for solution. The variable MAXD
stores the total number of such combinations for each value of the
Fourier index. In a similar manner, each index is added to every
other index and the sum compared with all indices. This result is
stored in the two two-dimensional arrays, IS and JS, in the same
manner as was done for the subtraction case. The variable MAXS
stores the total number of summation combinations for each value
of the Fourier index. A special routine handles the cases where the
index is added to and subtracted from itself. The two-dimensional
array 1IJS stores the location of the index and the variable MAXSY
stores the total number of such combinations. With this procedure
the series of products that make up the B's and T's contain no
zero terms, and the summation is carried out in PHIBET(X) and
TEAETA(K) over specifically defined limits.

Subroutine PUTPUT (IM@DE)

This subroutine prepares the printout material. Every IPRINT
converged solution is printed. The Fourier coefficients of the
inplane forces, meridional transverse force, circumferential bending
moment, twisting moment and rotations can be computed and printed
with the solution z for the Fourier coefficients of the three
displacements and meridional bending moment. This output material
is converted from dimensionless form to dimensional form here.
Provision is made to print only at stations 1, IFREQ+l, 2IFREQ+1,
etc. This subroutine also performs the summation process for
couputing the total values of the forces, moments, displacements,
and rotations at the NTHMAX positions around circumference prescribed
in the input data.

Subroutine PZILE(K)

This subroutine prints the solution at an initial and a final
pole.
Subroutine PHIBET(X)

This subroutine calculates the Phis and carries out the
miltiplying and summation procedure for computing the Beta non-
linear terms for a given meridional station K. The arrays IS, JS,

ID, JD, IJS, MAXS, MAXD, AND MAXSY prepared in subroutine MPDES
are used here.
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Subroutine TEAETA(K)

This subroutine calculates the inplane forces and carries out
the multiplying and summation procedure for computing the Eta non-
linear terms for a given meridional station K. The arrays IS, JS,
1D, JD, 1IJS, MAXS, MAXD, AND MAXSY prepared in subroutine MJDES
are used here.

Subroutine FZRCE(K)

This subroutine computes the g, (GEE), vector, equation (28),
and the x vector, equation (29a), for a given meridional station
K. The vector GEES is the nonlinear value of g at station 1.

Subroutine UPDATE

This subroutine updates the storage locations of the Betas
and Etas. Tt is called in subroutine XANDZ after a meridian
station change.

Subroutine MATINV (A, N, B, M, DETERM, IPIVAT, INDEX, N MAX, ISCAIE)

This subroutine solves the matrix equation AX = B where A is
a square coefficient matrix and B is a matrix of constant vectors.

A_l is also obtained and the determinant of A is available. Jordan's
method is used to reduce a matrix A to the identity matrix I through
a succession of elementary transformations: n’ npo1’°cc 12 A =T.

If these transformations are simultaneously applied to I and to a
matrix B of constant vectors, the result is A™+ and X where AX = B.
Each transformation is selected so that the largest element is used
in the pivotal position. The subroutine has been compiled with a
variable dimension statement A(NMAX, NMAX), B(NMAX, M). The
following must be dimensioned in the calling program: IPIVOT(NMAX),
INDEX(N MAX, 2), A(NMAX, NMAX), B(NMAX, M) where IPIV@T and INDEX
are temporary storage blocks. An overflow may be caused by a
gingular matrix. The definition of the arguments of this subroutine
are as follows:

A = first location of a 2-dimensional array of the A matrix.
N = location of order of Aj

1 <N <N MAX
B = first location of a 2-dimensional array of the constant

vectors B.
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M = location of the number of column vectors in B.
M = 0 signals that the subroutine is to be used
solely for inversion, however, in the call state-
ment an entry corresponding to B must still be
present.

DETERM - Gives the value of the determinant by the
following formula:

18)ISCAIE

DET(A) = (10 (DETERM)

IPIVPT - temporary storage block.
INDEX - temporary storage block.

N MAX = location of maximum order of A as stated in
dimension statement of calling program.

ISCAIE - used in obtaining the value of the determinant
by the following formula:

18) ISCALE

DET(4A) = (10 (DETERM)

At the return to the calling program.A_l is stored at A
and X is stored at B.
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APPENDIX A

CONVERSION OF U.S. CUSTOMARY UNITS TO SI UNITS

The International System of Units (SI) was adopted by the Eleventh
General Conference on Weights and Measures in 1960.
Conversion factors for the units used in this report are given in the
following table:

Physical quantity |U.S. Customary Unit Conver?iin factor Sl(gijt

Length in. 2.54 x 10-2 meter (m)

Modulus of axial 3 5 5
stress, elasticity| psi 6.895 x 10 newton/meter” (N/m")

Temperature

degree Fahrenheit

K=(°F + 459.67)/1.8

kelvin (K)

*Multiply value given in U.S. Customary Unit by conversion factor
to obtain equivalent value in SI unit.

**The prefix giga (G) is used to indicate 107 units.
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APPENDIX B
PROGRAM LISTING FOR DYNAMIC EXAMPLE
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TABLE I. IMPORTANT FORTRAN VARTABLES

FORTRAN Variable Definition
A(L",L") A matrix
BEE(4,4) B matrix
BE1(10) Bat i -1,
BE2(10) i, and i + 1
BE3(10)
BT1(10) Be at i - 1,
BT2(10) i, and i + 1
BT3(10)
BX1(10) B, at i -1,
BX2(10) i, and 1 + 1
BX3(10)
BXT1(10) Bse at 1 -1,
BXT2(10) i, and 1 + 1
BXT3(10)
c(k,kb) C matrix
CAPLL(4,4) Ags My
CAPLL(L,b) A, M
- -1
DEE(4,L4,200) [Bi - ciPi_l]
DELSD DELPAD*DELGAD
= -1
pST(k,k4,200) [Bi - CiPi-lei
D1 1 -
E(L,L) E matrix
ELL(4) Lo
EL1(4) 4y
ET1(10) Mg &t i -1,
ET2(10) i, and i +1
ET3(10)
ETT1(10) nee at i -1
ETT2(10) i, and i +1
ETT3(10)
ETX1(10) Ty 86 1 -1
ETX2(10) i, and 1 + 1
ETX3(10)
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FORTRAN Variable

EX1(10)

Ex2(10)
EX3(10)

EXT1(10)

EXT2(10)
EXT3(10)

EX1(10)

ExX2(10)
EXX3(10)

F(b,k4)
FES (4, 10)

FIS (4)

G(k,k)
GEE(Y4)
GEES (4,10)
H(4,4)

ID(10,10)

1J5(10)

15(10,10)

ITR

JAY (b,k4)

Jp(10,10)

o7

Definition

Mg at 1 -1,

i, and 1 + 1

j
]
I_l

ﬂse at
i, and i + 1

Ny 8t 1 - 1,

i, and i + 1

F matrix

fl matrix

fK matrix

G matrix
E matrix
Ei matrix
H matrix
See description of

subroutine MODES

See description of
subroutine MODES

See description of
subroutine MODES
Iteration number

J matrix

See description of
subroutine MODES



FORTRAN Variable

KL
KLL

KMAXT
KMAX2

J5(10,10)

MAXD(10)

MAXS (10)

MAXSY (10)

MO, ML, M2, and M3

N(10) or NN(10)
PMEGL (L ,4)
PMEGL (4, 1)

@SE

P(L,4,200)
PHI(10)

PHIT(10)
PHIX(10)
S¢E

Sl

98

Definition

KMAX-1
KL-1

KMAX+1
KMAX+2

See description of
subrountine MODES

See description of
subroutine MODES

See description of
subroutine MODES

See description of
subroutine MODES

N(MO)=0, N(ML)=1,
N(M-2)=2: N(M3)=3
n

Q> Ly

Q5 Q

.SGO/EO

P matrix

%, o

%o %o

¢, @

s s

Ob/Eo

1+ v



FORTRAN Variable

TDEL
TDLT
TH(6)
U1(10)
U2(10)
U3(10)
V1(10)
v2(10
v3(10)
W1(10)
w2(10)
w3(10)
X(4,200)
z(L4,220)
ZDPT (L ,220)
Z@ (4 ,220)
72 (4 ,220)

Z3(4,220)

99

Definition
2A
1/(28)
e

U, uat i - 1,
i, and 1 + 1

Vs, vat i - 1,
i, and i + 1

W, wat i -1,
i, and 1 + 1

x matrix

z matrix
dz/3t

z at t - &t
z at t - 26t
z at t - 38t
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no L

/
If modal coupling matrices have
not been set up, Call MPDES

Has solution converged yes

} mo

Have the maximum number of iterations
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Static analysis
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Have the maximum load changes been taken

no

Reduce DEL@AD

Figure 10. Flow of Program Logic in MAIN
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